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Variational inference

Find Q(z) ∈ Q to maximize evidence lower bound (ELBO)

ELBO = L(Q) = EQ[lnP (x, z)]− EQ[lnQ(z)]

= ln p(x)− KL(Q(z)||P (z|x))

- Optimizing Q(z) is considered as approximating posterior inference;

- Mean-field VI makes a fully factorized assumption as Q(z) =
∏K

i=1 qφi(zi);

- Capturing latent dependencies is crucial for correct uncertainty estimation.

Negative binomial xi
iid∼ NB(r, p), r ∼ Gamma(a, 1/b), p ∼ Beta(α, β)
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Semi-implicit model

Implicit model consists of a source of randomness q(ε) and a deterministic transform
Tφ : Rp→ Rd

z = Tφ(ε), ε ∼ q(ε)

For an implicit distribution, it is often easy to generate random samples from it but
intractable to calculate its probability density function, making variational inference dif-
ficult

qφ(z) =
∂

∂z1
· · · ∂

∂zd

∫
Tφ(ε)≤z

q(ε)dε

Semi-implicit model is a two-stage model

z ∼ q(z|ψ), ψ ∼ qφ(ψ)

- The first layer distribution q(z|ψ) is explicit, while the mixing distribution qφ(ψ) is
allowed to be implicit;

- The marginal distribution hφ(z) is used as variational distribution

H =

{
hφ(z) : hφ(z) = Eψ∼qφ(ψ)[q(z|ψ)] =

∫
ψ

[
K∏
k=1

q(zk|ψk)

]
qφ(ψ)dψ

}

- The components of z are conditionally independent but marginally dependent;

- It is evident that q(z|ψ) ∈ Q ⊆ H, i.e., H forms an expansion;

- Semi-implicit distribution hφ(z) achieves a balance between expressiveness and
tractability.

Lower and upper bound of ELBO

Optimize ELBO = Ehφ(z)[ln p(x, z) − lnhφ(z)] for SIVI is generally intractable if
hφ(z) = Eqφ(ψ)q(z |ψ) is not analytic

- KL convexity and Jensen’s inequality lead to an ELBO lower bound:

L(q(z |ψ), qφ(ψ)) = Eψ∼qφ(ψ)Ez∼q(z |ψ) log
p(x, z)

q(z |ψ)

= −Eψ∼qφ(ψ)KL(q(z |ψ)||p(z|x)) + log p(x)

≤− KL(Eψ∼qφ(ψ)q(z |ψ)||p(z|x)) + log p(x) = L = Ez∼hφ(z) log
p(x, z)

hφ(z)

- Using the concavity of the logarithmic function, we have log hφ(z) ≥
Eψ∼qφ(ψ) log q(z |ψ) and hence an ELBO upper bound:

L̄(q(z |ψ), qφ(ψ)) = Eψ∼qφ(ψ)Ez∼hφ(z) log p(x,z)
q(z |ψ) ≥ L

- Note there is a subtle but critical difference between L and L̄
- Direct optimizing on L will result in degeneracy; namely, qφ(ψ)→ δψ∗

L(q(z |ψ), qφ(ψ)) ≤ −Ez∼q(z |ψ∗) log
q(z|ψ∗)
p(x, z)

,

with ψ∗ = argmaxψ−KL(q(z |ψ)||p(x, z))

Asymptotically exact surrogate ELBOs

Add regularization as LK = L + BK

BK = Eψ,ψ(1),...,ψ(K)∼qφ(ψ)KL(q(z |ψ)||h̃K(z))

The regularized surrogate ELBO can be expressed as

LK = Eψ∼qφ(ψ)Ez∼q(z |ψ)Eψ(1),...,ψ(K)∼qφ(ψ) log
p(x, z)

1
K+1

[
q(z |ψ) +

∑K
k=1 q(z |ψ(k))

]
The Jensen gap can also be narrowed from upper side by L̄k = L̄ − Ak

L̄K = Eψ∼qφ(ψ)Ez∼q(z |ψ)Eψ(1),...,ψ(K)∼qφ(ψ) log
p(x, z)

1
K

∑K
k=1 q(z |ψ(k))

Property: Surrogate ELBOs
The regularized lower bound LK is an asymptotically exact ELBO that satisfies L0 = L
and limK→∞LK = L. The regularized upper bound satisfies L̄1 = L̄, L̄K+1 ≤ L̄K,
and limK→∞ L̄K = L.

For non-reparameterizable but conjugate model, the gradient can be expressed as

∇φLK ≈ 1
J

∑J
j=1

{
−∇φEz∼qξ(z |Tφ(εj))[log

qξ(z |Tφ(εj))
p(x,z) ]

+∇φ log rξ,φ(zj, εj, ε
(1:K))

+ [∇φ log qξ(zj |Tφ(εj))] log rξ,φ(zj, εj, ε
(1:K))

}
,

rξ,φ(z, ε, ε(1:K)) = qξ(z |Tφ(ε)))/[
qξ(z |Tφ(ε))+

∑K
k=1 qξ(z |Tφ(ε(k)))

K+1 ]

Experiments

-Toy examples (capturing skewness, kurtosis, and multimodality)

h(z) = Eψ∼q(ψ)q(z |ψ), q(z |ψ) = (log)Normal(ψ, 0.1)
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-Bayesian Logistic regression

yi ∼ Bernoulli[(1 + e−x
′
iβ)−1], β ∼ N (0, α−1IV +1)

q(β |ψ) = N (ψ,Σ), ψ ∼ qφ(ψ)
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-Variational autoencoder(VAE)
Inject random noise at M different stochastic layers. Let h(z|x) =

∫
q(z|x, ε)q(ε)dε

`t = Tt(`t−1, εt,x;φ), εt ∼ qt(ε), t = 1, . . . ,M,

µ(x,φ) = f (`M ,x;φ), Σ(x,φ) = g(`M ,x;φ),

qφ(z |x,µ,Σ) = N (µ(x,φ),Σ(x,φ)),

Semi-Implicit Variational Inference

Table 2. Comparison of the negative log evidence between various
algorithms.

Methods − log p(x)

Results below form Burda et al. (2015)
VAE + IWAE = 86.76
IWAE + IWAE = 84.78

Results below form Salimans et al. (2015)
DLGM + HVI (1 leapfrog step) = 88.08
DLGM + HVI (4 leapfrog step) = 86.40
DLGM + HVI (8 leapfrog steps) = 85.51

Results below form Rezende & Mohamed (2015)
DLGM+NICE (Dinh et al., 2014) (k = 80) ≤ 87.2
DLGM+NF (k = 40) ≤ 85.7
DLGM+NF (k = 80) ≤ 85.1

Results below form Gregor et al. (2015)
DLGM ≈ 86.60
NADE = 88.33
DBM 2hl ≈ 84.62
DBN 2hl ≈ 84.55
EoNADE-5 2hl (128 orderings) = 84.68
DARN 1hl ≈ 84.13

Results below form Maaløe et al. (2016)
Auxiliary VAE (L=1, IW=1) ≤ 84.59

Results below form Mescheder et al. (2017)
VAE + IAF (Kingma et al., 2016) ≈ 84.9± 0.3
Auxiliary VAE (Maaløe et al., 2016) ≈ 83.8± 0.3
AVB + AC ≈ 83.7± 0.3

SIVI (3 stochastic layers) = 84.07

SIVI (3 stochastic layers)+ IW(K̃ = 10) = 83.25

D. Additional Figures
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Figure 8. Visualization of the MLP based implicit distributions
ψ ∼ q(ψ), which are mixed with isotropic Gaussian (or Log-
Normal) distributions to approximate the target distributions shown
in Figure 1.
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Figure 9. The marginal posterior distribution of the negative bi-
nomial dispersion parameter r inferred by SIVI becomes more
accurate as K increases
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Figure 10. The marginal posterior distribution of the negative bi-
nomial probability parameter p inferred by SIVI becomes more
accurate as K increases.

Full version at https://arxiv.org/abs/1805.11183


