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Discrete latent variables

@ Discrete latent variables are widely used in mixture models, mixed
membership model, sparse factor model, variable selection, etc.

@ A common task is to optimize
E(@) = [f(2)qp(2)dz = Epnqy () [f(2)]
@ This objective includes

- Maximizing the marginal likelihood of a hierarchical Bayesian model
- Maximizing the evidence lower bound (ELBO) in variational inference
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Unbiased gradient estimators

Reparameterization

If V,f(z) is tractable to compute and z ~ g4(z) can be generated via
reparameterization as z = Ty(€), € ~ p(€), then one may apply the
reparameterization trick

Vo&(@) = VeEerp(e)[f (Tp(€))] = Ecop(e)[ Vol (To(e))]

REINFORCE (score-function estimator)
If E;qy(2)[Vef(2)] =0, using the score function
Vg logqe(z) = Veae(z)/qe(z), one may use REINFORCE as

V(@) = Ezngy(2)f(2)Velog gp(z Z K))V g log gg(29))
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Problems

However, neither estimator is problem free:

@ The reparameterization trick requires f(z) to be differentiable and
cannot be applied to discrete z

o REINFORCE suffers from high Monte Carlo estimation variance
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Gradient estimation for discrete latent variables

For discrete latent variable z, to compute the gradient of
E(@) = Ezwg,(2)[f(2)], existing solutions include

@ Biased but low-variance gradient estimator via a continuous relaxation
of discrete random variables

o Gumbel-softmax trick (Maddison et al., 2017; Jang et al., 2017)

@ Variance reduction by adding control variates (a.k.a. baselines)

Vp&(P) = Ezngy()[(f(2) = c(2)) Vg log qp(2)] + pec
where pe = VgE,q,(2)[c(2)] = Ezug,(2)[c(2) Vg log g4(2)] is known

o REBAR (Tucker et al., 2017)
e RELAX (Grathwohl et al., 2018)
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Gradient estimation for discrete latent variables

Our ideas:

@ Spike gradient:
e Don't move unless you are pretty sure which direction to move
e If you do move, move with large spikes
e The temporal average of the spikes shall code the temporal evolution
of the true gradient
@ Variance reduction by sharing common random numbers between
different expectations

@ No need to construct baselines (control variates), as the function f
itself will be used to construct a baseline

o Augmentation + REINFORCE + merge is how we derive such a
gradient estimator
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Exponential, Gumbel, and categorical random variables

e If x; ~ Exp(\;) are independent exponential random variables for
i=1,...,M, then

P(i= argminij-) =P(xi<xj, Vj#i)= )\;/Zﬁl)\; .
o Note x ~ Exp(\) can be reparameterized as
x = ¢/A, € ~ Exp(1),
where € ~ Exp(1) can be equivalently generated as

e = —log u, u~ Uniform(0,1)
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Exponential, Gumbel, and categorical random variables

o If
xi ~ Exp(A;),

then we have

argmin;{—log u;j/\;}, ui Uniform(0, 1)

arg min; x; =
= arg max;{log \; — log(— log u;)}
g argmax;{log A\; +¢;}, € ~ Gumbel(0,1)
e Note if u ~ Uniform(0, 1), then € = — log(— log u) follows the

Gumbel(0, 1) distribution (Type-l extreme-value distribution)
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Augmentation of categorical random variable

) e ePm _
Denoting o(¢) = 7 N , categorical

)
Zm:l ed)’" Zm:l e¢’"

z ~ Discrete(o(¢)) can be augmented as

z=argminic(1 . my € ,Where g ~ Exp(e?)

The objective can be rewritten with respect to M augmented exponential
random variables as

€(¢) = EzwDiscrete(a(qb)) [f(z)]

= Ee1~Exp(e¢1),...,eMNExp(e¢M)[f(arg mini ei)]
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REINFORCE in augmented space

Use REINFORCE we have

-----

= IEe1~E><p(e‘151),..‘,e,\/,NExp(e‘i’M)[f:(arg min; ei)(l - eme¢m)]

Since the exponential random variable x ~ Exp(e?) can be
reparameterized as x = ce~?, € ~ Exp(1), we have

= . in:e;e” %) (1 —
vd’mg(d)) Esl,...,eM %Exp(l)[f(arg min; €;€ )(1 6’77)]
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REINFORCE in augmented space

A key observation is that we may choose M as reference category and
rewrite the gradient estimator

Vs E(P)=E ) min: e;e—%i _
Pm ( ) 61,...,€M£EEXP(1)[f(arg In; €;€ )(1 6”7)]
as

Veonl(p) =E [f(arg min; e(m:M)ie_‘z”')(l —em)]

€1,even S Exp(1)

where (m = M) denotes a vector of indices constructed by swapping the
m-th and M-th elements of vector (1,..., M), which means

(m= M)y =m
(m=M)y,=M
(m=M); =1, if i ¢ {m, M}
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Merge the gradients

As o(¢p — dmlp) = o(¢), one may update ng)m = dm
and set (bM =0.

Denoting ¢ = (¢1,...,dm—1)' = A, where A = [diag(Lp_1), —1m_1],
we have

—ppmform<M-1

VE(d) =V (1 O])a"’ vg,S([c%',or)'A

£([¢',0]) MZ Wm — V,E(9))

Vo, E(@)~ ijl

Notice previously we have

Vi) =E s [F(argmin; e(mop,e )1 — em)]

€1,em S Exp(1)
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Merge the gradients

@ Combining the two equations the ARM estimator is

V(Emg([a)lv 0]/) =K M%Exp(l)[fA(Q ¢7 m)(l - 6I\/l)]7

€1,.yE

@ Common random numbers are shared to compute:

1 M

fa(e, d, m) = f(argmin; e(m:M)(e*‘%) M 2 f(arg min; e(j:M)ie*(z”')
1
=M 2eiim [f(arg min; e(m:M)ie_(b") — f(arg min; GU:M)ie_d”')]

@ Note that
[fA(ev ¢7 m)] =0,

thus there is no need to add control variates

€1,ven S Exp(1)

Mingyuan Zhou (UT-McCombs) ARM-V July 2018 14 / 30



Merge the gradients

@ €1,...,€M 3 Exp(1) is the same in distribution as
e; =me, fori=1,..., M, where w ~ Dirichlet (1y), € ~ Gamma(M, 1),

@ arg miniW(sz)ie*@ = arg minieW(sz)ie*@

@ The gradient can be re-expressed as

V5. 8(0) =V E((¢',0]') = Enbirichiet(u[fa(m, ¢, m)(1 — Mry)]

where
fA(ﬂ.7¢7 m)
. — 1 M . Y
:f( arg min_ m(m—p),€ ) ~v j:lf( argmin . p) € )

ie{1,...,M} ie{l,...,M}

1
= — ) f( argmin Tymenn e ¥ —f( argmin m(;— .e_¢")
M J?ém[ ie{1,...,M} (m=M); ) ie{l,...,M} G=M):
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ARM gradient for binary random variable

For a binary random variable, the gradient of E, _gemoulii(o(s))[f(2)] with
respect to ¢ can be expressed as

VE(#) = Eununiform(o,) [fa(u, ¢) (v — 1/2)]
fa(u, ) = f(1[u > o(=¢)]) — F(1[u < a(8)]).
Proposition

(i) fa(u, ) = 0 with probability o(|¢|) — o(
probability 1 — o(|¢

), fa(u, ¢) = £(1) — £(0) with
), and fa(u, ) = £(0) — f(1) with probability o(—|¢|).

(i) garm(u, @) = fa(u, d)(u — 1/2) is unbiased with
Ey Uniform(0,1)[8aRM (U, @)] = B~ Bernoutii(o(4)) [&REINFORCE (2, P)].

(iii) garm(u, @) reaches its largest variance at 0.039788[f(1) — f(0)]?> when
ggﬁ;g; is equal to the golden ratio ‘[“

. supy Var{garm) 16 f(0)
(V) S, Virlgremronce] < 25 (1 ~ 2roperrn)” and

(©
Supy Var[gARM] < 25[f( ) f( )]2

v
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A simple example

Learning ¢ to maximize £(¢) = E, gemoulii(o(¢))[(z — Po)?], where

po € {0.49,0.499,0.501,0.51}

0.002

0.000

Gradient

-0.002

-0.004

Probability

True_grad REINFORCE_grad ARM_grad

00100

02
00075
01 0.0050
0.0025
00| 0.0000
-00025

01
-0.0050
02 -0.0075
-00100

True_prob REINFORCE_prob ARM_prob
10 10
08 08
06 08
04 04
02 02
00 0o
0 500 1000 1500 2000 2500 300 0 500 1000 1500 2000 2500 300 0 500 1000 1500 2000 2500 30

Iteration

Mingyuan Zhou (UT-McCombs)

Iteration

ARM-V

Iteration

— o049
—— 0499
— o501
— os1

July 2018

17 / 30



A simple example
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Figure: Estimation of the true gradient at each iteration using K > 1 Monte
Carlo samples, using REINFORCE, shown in the top row, or ARM, shown in the
bottom row. The ARM estimator exhibits significant lower variance given the
same number of Monte Carlo samples.

Mingyuan Zhou (UT-McCombs)

ARM-V

July 2018 18 / 30



Multiple discrete stochastic layers

@ A latent variable model with multiple stochastic hidden layers is

X ~ pg,(x|b1), b1 ~ pg,(b1|b2),...,bT ~ pe,(bT),

@ The joint likelihood is

T-1
p(x by.7|80.7) = pay(x | by) | [T, po.(be|bii1)|por (7).
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VAE with multiple discrete stochastic layers

@ The encoder is designed as

T-1
Gusr (b1.7 %) = s (b1 ) TT . Gweya(Bes | be)

(] th(bt | bt—l) = BernOU”i(bt; U(th(bt_]_)))
@ The ELBO can be expressed as

8(W1:7—) = Eb1:T~Qw1:T(b1:T|X) [f(bl:T)] s where

f(b1.7) = log pg,(x | b1) + log pe,., (b1.7) — log qw,.; (b1.7 | X).
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ARM gradient of the ELBO

First, to compute the gradient with respect to wy, since

E(wr.r) = Eqb,)Eq(by. 7 | by)[f (b1:7)]

we have

leg(wliT) = EU1~Uniform(0,l)[fA(u17 TWl(X))(ul - 1/2)]vW1TW1 (X)7

where

fa(u1, Twy (X)) = Eby roqbyr | br), bi=1{uy>o(~Tw, ) [ (B1:T)]

- ]EbQ:TNCI(b2:T | by), b1:1[u1<0(7'wl(x))])[f(bl:T)]
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ARM gradient of the ELBO

Second, to compute the gradient with respect to w;, where
2<t<T-—1,since

E(wW1.T) = Eq(br.e 1)Ea(be b 1)Eaq(bess.r b [f(b1:7)]
we have

thg(wl:T)
= Eq(bl;t,l) [EutNUniform(O,l)[fA(uta th(bt—1)7 bl:t—l)(ut - 1/2)]thth(bt—l)] )

where

fa(ue, Tw,(be—1), brt—1) = Ep, rng(benr | be), be=1{ur>o(—Tu, (b)) [f (b1:7)]

— Eb,1r~a(beirr | b0), be=1[ue<o (T, (b)) [f (D1:7)]
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ARM gradient of the ELBO

Finally, to compute the gradient with respect to w, we have

vw-rg(wl:T)
=Eqbyr 1) [Eur~unitormon[fa(ur, Twr (br-1), br.7-1)(ut — 1/2)]Vw; Tw, (b7-1)]

fa(ur, Twr(b1-1), b1:7-1) = f(b1.7-1,b7 = YuT > 0(~TWw,(b7r-1))]))
— f(bi.7-1, b7 = ut < o(Twr(b7-1))])
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ARM for VAE
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Figure 2: Test negative ELBOs on MNIST with respect to training iterations, shown in the top row, and wall
clock times on Tesla-K40 GPU, shown in the bottom row, for three differently structured Bernoulli VAEs.
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ARM for VAE

Table 2: Test negative ELBOs of discrete VAEs trained with four different stochastic gradient estimators.

ARM RELAX REBAR ST Gumbel-Softmax

Nonlinear MNIST 1013 1109 1116 112.5
Onimear  OMNIGLOT 1295 1282 128.3 140.7
Bernoulli L MNIST 1103 1221 1232 1292
ernoutl €A OMNIGLOT 1242 124.4 124.9 129.8
ol MNIST 982 1140 137 NA
WOIYerS  OMNIGLOT 1183 119.1 118.8 NA
Catesorical  Nonli MNIST 1058  NA NA 107.9
ategorica Ominear —GMINIGLOT 1219 NA NA 1276
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MNIST OMNIGLOT
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Figure: Comparison of the negative ELBOs for categorical variational
auto-encoders trained by ARM and ST Gumbel-softmax on MNIST and
OMNIGLOT, using the “Nonlinear” network.

Gradient estimator ARM ST 1/2 Annealed ST ST Gumbel-S. SF MuProp
—log p(x/ | xu) 54.8 56.1 57.2 58.7 59.3 72.0 56.7
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MLE with multiple discrete stochastic layers

@ The log marginal likelihood can be expressed as
log pgy, 1 (x) = 108 B, 1 pg, . (b1.7)[Poo (x| b1)]
> E(0rT) = Ebl:T"‘Pel:T(bl:T)[log P, (x | b1)]-
@ For stochastic binary network

po, (bt | bey1) = Bernoulli(be; o(Tg,(br+1))),

@ The gradient of the lower bound can be expressed as
Ve,E(01.7)
=Epberr) [Euclfalue, To,(bey1), bei1.7)(ur — 1/2)]Ve, T, (be11)]
fa(us, %t(btﬂ), bii1.7) =
Ebye smp(bre_1be), be=1[u;>o(~To, (bes1))])[108 Poo (X | b1)]

- Ebl:tleP(blztfl | bt), bt:]-[ut<0'(7—9t(bt+1))])[log POO(X ‘ bl)]'
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MLE with multiple discrete stochastic layers

o Predict lower half of MNIST digit x; given the upper half x,;
@ Maximizing the conditional likelihood pg,,(x/ | x,)

e Approximate log pg,,(x; | x,) with
e To (b0
log P kE_l Bernoulli(x/; o(7g,(by’)))

where bgk) ~ Bernoulli(a(%l(bgk)))), bgk) ~ Bernoulli(a(7g,(x4)))-

@ Training with K=1 and on the test approximate negative
log-likelihood — log pg,,(x/ | x,) with K = 1000
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MLE with multiple discrete stochastic layers
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Table 3: For the MNIST conditional distribution estimation benchmark task, comparison of the test negative
log-likelihood between various gradient estimators, with the best results in [14, 20] reported here.

Gradient estimator ARM ST 1/2 Annealed ST ST Gumbel-S. SF  MuProp
—logp(xi |xw) 548 56.1 572 58.7 59.3 72.0 56.7
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Thank you!
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